Department of Mathematics, K. T.H.M. College, Nashik
T.Y.B.Sc. - Problems in Real Analysis - I

Chapter 2: Sequence of Real Numbers
1. f LeR, L <M + ¢ for every € > 0, prove L < M.

Ans: Suppose on contrary that L > M. Take e = L — M > 0. By hypothesis,
L<M+e¢

— L< M+ (L—-M)

= L <L

This is a contradiction. Hence L < M.

2. f LeR, L <M+ € for every € > 0, prove L < M.

L—M
2

Ans: Suppose on contrary that L > M. Take € = > 0. By hypothesis,
L<M+e

= L< M+ M

= L-M< LM

— 1<1

This is a contradiction. Hence L < M.

Archimedian Property of Real Numbers: For any real number x, there is a
positive integer N such that N > x.

3. Prove that lim % = 0.

n—o0

Ans: Let € > 0. By Archimedian property of real numbers, there is N € [ such that
N>1

Consider

n>N

bl

!

L_0l<e

Thus for N > %,
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n>N = |1 -0 <e

This proves that lim % =0

n—oo

. Prove that lim n—}r3 = 0.
n—oo

Ans: Let € > 0. By Archimedian property of real numbers, there is N € [ such that

N>1
€
Consider
n>N
— n>1
= l<n
1
— E<€
1 .1 1
— 5 <€ (s <w)
1
ThusforN>%,
1
n>N — ‘m O’<E
. . 1 o
This proves that nh_)rrolo a5 =0
. Prove that lim Lg = 0.
n—oo

Ans: Let € > 0. By Archimedian property of real numbers, there is N(> 3) € I such
that

N>1+3

Consider

n>N

!

n>%+3
1
;+3<n

3

bl
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— |— —0|<e

1
n—3
Thus for N > %—i— 3,

n>N = |15 -0 <e

This proves that lim 1 =0

n—soo M3

. Prove that lim % =0.
n—oo

Ans: Let € > 0. By Archimedian property of real numbers, there is N € [ such that
N > 1

Consider

n>N

107
€

- n >

I

— <n

I
|

< €

l

190 0] <e

Thus for N > %,

n>N = |1 0/ <e

This proves that lim % =0
n—oo

Asn oo, = {n}oe, is divergent.

Ans: Suppose on contrary that {s,}>°, = {n}>°, is convergent and let lim s, = L.
n—oo
Then for e =1 > 0, there is N € I such that

n>N = |s,— L| <1

= n>N = |n—L|<1)

= (n>N = L-1<n<L+1)
— L-1<N,N+2<L+1

= (N+2)-N<(L+1)—(L-1)
= 2<2
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This is a contradiction. Hence {s,}2>%, = {n}32, is divergent.

Asn e, = {(=1)"}2, is divergent.

Ans: Suppose on contrary that {s,}7°, = {(—1)"}°, is convergent and let lim s, =
n—oo

L. Then for e =1 > 0, there is N € I such that

n>N = |s,— L| <1

— (n>N = [(-1)"—-L|<1)

= m>N = L-1<(-1)"<L+1)
= L—-1< (=11 (=) <L+1
— L-1<-1,1<L+1

= 1-(-1)<(L+1)—(L-1)

= 2<2

This is a contradiction. Hence {s,}>2, = {(—1)"}>°, is divergent.

If {s, )09, is a sequence of real numbers and if, for every ¢ > 0 ,
n>N = |s, — L| <e¢

where N does not depend on ¢, prove that all but a finite number of terms of {s,}2,
are equal to L.

Ans: We shall use the following result
“f LeR, L <M +e¢forevery e >0, then L < M.” ... (%)
Consider

n>N = |s, — L| < e for every ¢ >0

I

(n>N = L—e<s, <L+eforevery e >0)
(n>N = L<s,+eands, <L+e for every € > 0)
(n>N — L<s,and s, <L) (by ()

(mn>N = s,=1)

e

SN = SN41 = SN2 ==L
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= all but a finite number of terms of {s,}7°, are equal to L.

(a) Find N € I such that
n>N — |%—2|<%

(b) Prove that lim 22 =2

n—soo M3

Ans: (a) : Take N = 31. Consider

n>N

2n

-2l <

(b) Let € > 0. By Archimedian property of real numbers, there is N € [ such
that

N>&

€

Consider

n>N

n>?¢8

€

I

S<n
€
S <e
n

Lo <e (L5 < 8

e

22 <e

Thus for N > %,
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2
n>N = [=5-2[<e

. . on
This proves that nh_g)lo a5 =2

(a) Find N € I such that

1

(b) Prove that nlggo\/ﬁ =0

Ans: (a) By Archimedian property of real numbers, there is N € I such that
10000
N>=5
Consider
n>N

10000
9

I

n >

10800 <n

1 9
n < 10000

1 9 L1 1
1 < 10000 ('_<E)

1 _ 3
vn+1 100

el

1
NS 0.03

Thus for N > %

(b) By Archimedian property of real numbers, there is N € I such that
N>%

Consider

n>N

= n>3

= 5<n

— L ¢
n
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1 2 .1 1
—_— 1

vn+1
—
-

<€

1
vn+1
| 1

n+1

< €

-0 <e

Thus for N > }2

n>N = | -0 <e
This proves that nh_}rgo \/n;ﬁ = 0.

Suppose {s,}°°, is a sequence of positive numbers and 0 < z < 1. If 5,41 < xs,, for

alln € I, prove lim s, = 0.
n—oo

Ans: 0<z <1
= 0<zs, < s, (" s, > 0)
= 0<Sp1 <S8y (" Sua1 < Syp)

Thus the sequence {s,}7, is non-increasing and bounded below by 0. So it is con-

vergent. Take lim s, = L. Consider
n—oo

0 < spr1 < a8p
— 0< sy — 25, <0

= 0 < lim (sp41 —x8,) <0

n—0o0

lim ($,41 — xs,) =0
n—oo

lim s, —2 lim s, =0
n—o0 n—oo

—
—
= L—aL=0 (- Tim sp4q = Loas {8n11}122, is a subsequence of {s,}5° )
= (1—-2)L=0

—

L=0 (rz—1#0asz#1)

Suppose lim i": = 0. Prove that lim s, = 1.
n—oo °n n—o0

Ans: Take ¢, = % Then

— (s +1)=s,—1
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= 146, =5,(1—¢,)
___’\ _ 1+en
Sn = 1—en
— lim s, = lim ?LJ
n—00 n—oo +tn
. 1+ lim e,
= lim s, = 75—
n—o0 _7Ll~>mooen
. 140 AR E ; sn—1
— lim s, = ¢ o lim e, = lim 22— =0
n—oo 1-0 ( n—oo n—soo Sntl )
— lim s, =1
n—r0o0

.Ifsn:f—r,ﬁndNelsuchthatnzN = Spt1 < Sp.

Ans: Take N = 10. Consider

n>N

— n>9
= 10<n+1
— X<
= Spi1 < Sp

Thus for N =10, n > N = 5,41 < Sp.

1.3.5.(2n—1)

- Forn el let s, = 55750

. Prove that {s,}°°, is convergent and nhjEO sn < 1.

Ans: Consider

1<2

= 2n+1<2n+2

= G <1

— 5o s X Tos e < |
= i < e
= Spp1 < Sy

This is true for all n € I. Therefore {s,}>°, is non-increasing. Also it is lower
bounded by 0. So it is convergent. Finally,
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Sn < Sy
- Sngé

= limsngé

n—oQ

2.4.6-(2n)

Forn € I let s, = T35

. Prove that {s,}22, is non-increasing.
Ans: Consider

sm  _ 24.6--(2n)

Sn+1 1.3.5-:(2n—1)

1.3.5--(2n—1)(2n+1) (n+1)2
2.4.6---(2n)(2n+2) n2

X

_ (2n+1)(n+1)2
T (2n+42)n?

(2n+1)(n?+2n+1)
2n3+2n2

_ 2n245n%44n+1
- 2n34-2n2

> 1
Thus

2>

Sn+1

== s, >S5, +1

This is true for all n € I. So {s,}°, is non-increasing.

Forn € I, let t, = 14 & + 5 + --- 4+ . Prove that {¢,}32, is non-decreasing,
bounded and hence convergent.

Ans: A) {t,};>, is non -decreasing: Consider

1
o = 0

(n+1)!

- tn+1 >ty
This holds for all n € I. So {t,}>, is non-decreasing,.

B) {t,}°°, is bounded: Clearly {t,}°°, is lower bounded by 1. Consider
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— nl>2n!
Thus
n>2 = nl>2"1!

so that

n>2 = 1<

nl
Now,
tn
=1+d+L+2+L++ 2
§1+1+%+2i2+2i3+...+2n;_1

=14 M2

—1+2(1-2")

<142

=3

So {t,}>2, is upper bounded by 3.

Thus {¢,}22, is monotone and bounded. So it is convergent.
. Show that the sequence {(1+ )"}, is convergent.

Ans: Consider

Sn

= (L+3)"

=3 "Cyk
k=0

R a(n=1)(n—2)-(n—(k—1)) 1

= Z 1.2.3.k nk
k=0

=3 - H -2 (-
k=0

Skzomé k(l_%ﬂ)(l_ni)'”( _z_ﬁ)
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1 1 2 k—1

Sz;om( — ) - w) (-5

— %1 (n+)(n1) =D ((n+)=2)((n+D)=(k=1)) 1
= 1.2.3.--k (n+1)k
n+1

— kgﬂ (n+1)(]km

= Sn+1

Thus s, < s,41. Therefore
{s,}5° is nondecreasing.
Also

Sn

— 1 n(n-1) 1 n(n—1)---1 1
- 1+n'ﬁ+ o T T T

n nn

<l+l+H+os++ 152

<l+l+i+h+ 455

1—L
n
=1 1_21

2

1
<1+ 1
=3

Thus s,, < 3 for all n € I. Therefore

{8,}5%, is upper bounded by 3

(D

From (7) and (/1), {s,}°, is nondecreasing and upper bounded. Hence {s,}>>,

is convergent.

For any a,b € R show that
|la] —[b]] <[a—0].

Then prove that {|s,|}52, converges to |L| if {s,}°, converges to L.

Ans:
la| = [(a —b) +b| < |a — b + ]

= |a| = [b] < |a —b]
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and

[b] = [(b —a) + 0] < |b—a| + |a|

= [b] = |a] < [b—d

= —(la] = [b]) < |a —b| ..(10)
From (I) and (II), ||a| — |b|| < |a — b]. Next, Consider

{sn}5°, converges to L

= for every € > 0, there exists N € I such that (n > N = |s,, — L| <)

= for every € > 0, there exists N € I such that (n > N = ||s,| — |L|| <€)
o Msn] = [LIF < [sn = L)
= {]sn]}22, converges to |L|

If {s,}52, is a sequence of real numbers and if lim sy, = lim sy, 1 = L, prove that
n—oo n—oo

lim s, = L

n—oo
Ans: Take € > 0.Since lim s9,, = L, there is Ny € I such that
n—oo
n>2N, = sy, — L| <€ (D)

Similarly as TLILHOlO Son—1 = L, there is Ny € I such that

n>2Ny = |[s9,-1 — L| <€ (I
Take N’ = max{N;, No}. Then from (I) and (I7)

n>N = |s9, — L| <eand |sy, 1 — L| <€

= |soni—1 — L| < €, |san: — L| < €, |sanri1 — L| < €, |sanryo — L| <, ...

= [sy—L| <e€|syr1—L| <e€l|snia—L| <€ |snis—L| <e¢,... where N =2N'—1
= (n>N = s, — L| <e¢)

This proves that lim s, = L

n—oo

Give an example of a sequence {s,}°; of real numbers for which {|s,|}>%, converges
but {s,}>2, does not.

Ans: {s,}>2; = {(—=1)"}22,. The sequence {s,}°°, oscillates whereas {|s,|}>>,
converges to 1.
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22. Prove that if {|s,|}>°; converges to 0, then {s,}>°, converges to 0.

Ans:

{Isn|}52; converges to 0

—> for every € > 0, there exists N € I such that (n > N = ||s,| — 0] <€)
= for every € > 0, there exists N € I such that (n > N = |s,| <)

= for every € > 0, there exists N € I such that (n > N = |s, — 0] <€)

= {s,}22, converges to 0
23. Prove that {/n}5°, diverges to infinity.

Ans: Let M > 0. By Archimedian property of real numbers, there is N € I, such
that

N > M? (D)

Consider

n>N

= n>M? (from (I))
= /n>M

Thus

n>N = /n>M

This proves that {/n}>2, diverges to infinity.
24. Prove that {logn}o°, diverges to infinity.

Ans: Let M > 0. By Archimedian property of real numbers, there is N € I, such
that

N > eM (D

Consider

n>N

= n>eM  (from ()

= logn > log(e™) (. f(x) = log(x) is increasing function)

= logn>M
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Thus
n>N = logn>M
This proves that {logn}>°, diverges to infinity.

Prove that {log 1}>°, diverges to minus infinity.

Ans: Let M > 0. By Archimedian property of real numbers, there is N € I, such
that

N > eM (D

Consider
n>N

n>eM  (from (1))

!

logn > log(eM) (. f(z) = log(x) is increasing function)
logn > M

—logn < —M

e

log% <-M

Thus

n>N —= log% < -M

This proves that {log 2}, diverges to minus infinity.
Prove that {/n + 1 —/n}%, is convergent.

Ans: nlgr()lo Vn+1—/n)

=l (A )V T+ v

T (n+1)—n
= i T

. 1
= m s

=0

So the sequence {/n + 1 —/n}>°, converges to 0.

Prove that if the sequence of real numbers {s, }°°; diverges to infinity, then {—s,}2,
diverges to minus infinity.

Problems in Real Analysis - I, Page: 14



28.

29.

30.

Department of Mathematics, K. T.H.M. College, Nashik
T.Y.B.Sc. - Problems in Real Analysis - I

Ans: Let M > 0. Since {s,};>, diverges to infinity, there is N € I such that
n>N —= s, >M

implying that

n>N —= —s,<-—-M

This proves that {—s,}%, diverges to minus infinity.

Suppose {s,}7°, converges to 0. Prove that {(—1)"s,}>>, converges to 0.
Ans:

{sn}5°, converges to 0

— for every € > 0, there is N € [ such that (n > N = s, — 0| <¢)

— for every € > 0, there is N € I such that (n > N = |s,| <€)

— for every € > 0, there is N € I such that (n > N = |(—1)"s,| <€)
= for every € > 0, there is N € I such that (n > N = [(—1)"s, — 0] <€)

= {(—1)"s,}>2, converges to 0
Suppose {s,}n2; converges to L # 0. Prove that {(—1)"s,};2, oscillates.

Ans: Take {t,}°2, = {(—=1)"s,}°°,. Note that lim sy, = lim $9,,; = lim s, = L
n—oo n—oo n—oo

as {s2, 122, and {s9,41}152, are subsequences of convergent sequence {s,}2°,. Now,

lim t5, = lim ((—1)?"sy,) = lim sy, = lim s, = L

and

lim tg,q1 = lim ((=1)*""sg,,1) = lim —s9,41 = — lim 89,41 = — lim s, = —L
n—oo n—o0 n—o0 n—0o0 n—o0

So

lim tgn = — lim t2n+1

n—oo n—oo

implying that the sequence {t,}>%, = {(—1)"s,}2, oscillates.
Suppose {s,}°°; diverges to infinity. Prove that {(—1)"s,}°°, oscillates.

Ans: Take {t,}>2, = {(—1)"s,}>2,.Consider

{tan}o2, = {(—1)2"3271}20:1 = {59, }22, diverges to infinity

Problems in Real Analysis - I, Page: 15



31.

32.

33.

Department of Mathematics, K. T.H.M. College, Nashik
T.Y.B.Sc. - Problems in Real Analysis - I

and

{toni iy = {(=1)"son iy = {=sonritpls = —{s2041}52, diverges to mi-
nus infinity.

It follows that the sequence {¢,}52, = {(—1)"s,}>°, oscillates.

True or false? If a sequence of positive numbers is not bounded then the sequence
diverges to infinity.

Ans: False. For example the sequence 1,2,1,4,1,5,1,6,1,7,... is unbounded se-
quence of positive numbers that does not diverge to infinity. It is oscillating sequence.

Give an example of a sequence {s,}22, which is not bounded but for which

lim % = 0.
n—oo "

Ans: Take {s,}°%, = 11/2,13/3,13/5.... Then {s,}%, is unbounded. Also

lim 222=L = Jim + =0

n—oo n—oo

and

lim %22 = lim ¥* = lim £ =0
n—oo M n—oo n—oo V1

implying that lim 2» = 0.

n—oo

(Sandwich Theorem) If {s,}>°,, {t,}22,,{vn}>2, are sequences of real number such

that s, < t, < wv, foralln € I and lim s, = lim v, = L, prove that {v,}5°, is
n—oo n—o0

convergent and lim ¢, = L
n—,oo

Ans: Let € > 0. Since nlljg@ Sp = nlgr;(} v, = L, there are Ny, Ny € I such that
n>N = |s,—L|<eandn> Ny, = |v, — L| <e.

Taking N = max{Nj, N2} we obtain that

n>N = |s, — L| <eand |v, — L| <e.

This implies that

n>N — L—e<s,andv, <L+e¢

which further implies that

n>N —= L—e<ty,andt, <L+e (.s,<t,<v,)

So
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n>N = |t,— L| <e

This proves that lim ¢, = L.

n—o0
Ifs, = , " where k is positive integer, show that lim s, = 0. In particular show that
n—oo
lim %:Oand lim 720.
n—oo : n—oo :

Ans: For n > k, consider

spr1 _ KD onl &
sn (nt+1)! kn T on4l <1
Thus

n>k = =2 <1
= (n>k = s,11 < sp)
= {s,}5°, is nonincreasing

Also {s,}>°, is bounded below by 0. Therefore {s,}>, is convergent. Let lim s, =
n—oo
L. Consider

n>k = 0< &< b
Sn  — n+l

= (n>k = 0< 5,41 <2 iSn)
= 0< lim sy < lim (A55,)
= 0<L< lim oty lim s,

= 0<L<0.L

— 0< L <0

— L =0

— s = lim 5y =0

In particular, taking £ = 5 and £ = 10, we get lim ‘2—7: =0 and lim 12—!71 = 0.

n—o0 : n—oo

Prove that if lim *= = L # 0, then {s,};2, is not bounded.

n—00

Ans: Suppose on contrary that {s,}>°, is bounded. Then there is k& > 0 such that
|sp| < k for all n € I. Consider

[sn] < K
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— —k<s,<k
n — n —n
— lim =% < lim % < lim £
n—00 n—00 n—oo "
— 0< lim & <0
n—oo "
— lim%":O
n—oo

This is a contradiction. Hence {s,}22; is not bounded.

If {s,}22, is bounded sequence of real numbers, and {¢,}32, converges to 0, prove
that {s,t,}5°, converges to 0.

Ans: As {s,}>2, is bounded, there is a constant k£ > 0 such that |s,| < k for all

n=1

n € I. Consider

n—oo n—oo n—oo

—k lim ¢, < lim (s,t,) < k lim ¢,
n—00 n—00 n—00

0 < lim (s,t,) <0

n—0o0

—
—
= lim (—kt,) < lim (s,t,) < lim (kt,)
—
—
—

lim (s,t,) =0

n—ro0
Let s; =v2 and let Snil :\/5\/5 for n > 2.
a) Prove by induction that s, <+/2 for all n .
b) Prove that s, > s, for all n.

c¢) Prove that {s,}52, is convergent.

d) Prove that lim s, = 2.

n—oo

Ans: a) Let
P(n): s, <V2

As 51 =2 <2, P(1) is true. Let P(k) be true i.e. s, < 2. This implies that
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VR <V2

— V2,/5, <V2V2
= Spp1 < 2

= P(k+1) is true

Thus P(k) is true implies P(k + 1) is true. So by the principal of mathematical
induction P(n) is true for all n € I i.e. s, <v/2 foralln € I.

b) From a), s, <v/2 for all n € I. This implies that
V2>, forallnel

:>\/§\/§zsnforalln€]

= Spy1 > s, forallnel

¢) From a) and b), {s,}°°; is non-decreasing and upper bounded. Hence {s,}22, is
convergent.

d) {sns1}5%, is a subsequence of {s,}>2 ;. Hence

lim s,,1 = lim s, = L (suppose)
n—oo n—oo

= lim (/2,/s,) =L

n—o0

— 2 lim s, =L

n—oo

= V2L =1
= v2=VL

= 2=1L
— L =42
— lim s, =2
n—oo
Suppose s; > s > 0 and let s,,1 = %(sn + s,_1) for all n > 2. Prove that
a) $1, 83, Ss, . . . 1S nonincreasing
b) s9, S4, S, - . . is nondecreasing

c) {sn}22, is convergent.
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Ans: Since s; > s5

(s2+s1) < %(31 + s1) = s1 and

D=

S3 =
53 = %(81 + 89) > %(52 + 59) = 59

Thus

s3 < s1 and s3 > S9

This implies that

S4 = %(33 + s9) > %(32 + s9) = s and

sy = 3(s3+ 52) < 2(s3+ s3) = s3 Thus

Sy > S9 and sS4 < S3

This implies that

S5 = %(34 + 83) < %(83 + s3) = s3 and

S5 = 2(s1+ 53) > 2(s4 4 s4) = 54

Thus

S5 < s3 and s5 > sy

This implies that

S = 3(85+ 54) > 3(s4 + s4) = 54 and

S6 = 3(85+ 54) < (85 + 55) = 56

Thus

s¢ > s4 and sg < S5

Continuing in this way (by induction) we get that
S§1>83 >85> 87...>0and sy < 54 < 56 < Sg...< St

S0 {son—1}52, is nonincreasing and bounded below by 0. Also {s2,}2%, is nondecreas-

ing and bounded above by s;. Therefore {s9,—1}72, and {s2,}22 ; are convergent. Let
lim s9,_1 = L and lim s, = M. As S, 12 = %<52n+1 + S9,)
n—00 n—oo

. 1 . .
lim s9,49 = 5( im sg,41 + lim s3,)
n—oo n—oo n—oo

Problems in Real Analysis - I, Page: 20



39.

40.

41.

el

Give

a) Sn

b) s,
Ans:
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L=3iM+1L)
L=M

lim s9,_; = lim ssn
n—0o0 n—0o0

lim s, =L
n—o0

{s,}5°, is convergent and converges to L

an example of sequences {s,}>; and {t,}>2; for which as n — oo,

— 00, t, — 00,8, + 1, = 00

— 00, t, = 00,8, —t, = 7

a) Take {s,}72; = {tn )2 = {0},

b) Take {sn}n2y = {n+7}72; and {t.}72, = {n}7,

Supp
that

Ans:
_
N
—_—
_
_—

Thus

ose that {s,}°°, is a divergent sequence of real numbers and ¢ € R, ¢ # 0. Prove

{esn}22 | diverges.

0 ia
{cs, }22, is convergent

lim (es,,) exists
n—o0

1 . .
- 7}1—{20 (cs,) exists

lim (Zcs,,) exists
n—o0

lim s, exists
n—o0

{s,}5°, is convergent

{cs, 300, is convergent = {s,}°°, is convergent

which is logically equivalent to

{sn}>2, is divergent = {cs,}>2, is divergent

Let {a,}22; be a sequence of real numbers, and for each n € I, let

Sp =
ty, =

ay+ag+---+a,
Jar| 4 Jag| + - - 4 fan]

Prove that if {¢,}22, is a Cauchy sequence then so is {s,}72 ;.
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Ans: {t,}>°, is a Cauchy sequence

= Ve>0,3dN € [ such that (n >m >N = |t, —tn| <¢)

= Ve > 0,dN € [ such that (n >m > N = ||lapn| + |amer| + - + |an]] <€)
= Ve > 0,3N € I such that (n >m > N = |an| + |ami1| + -+ |an| <¢€)
—

Ve > 0,3N € [ such that (n >m >N = |ty + i1 + -+ ap| <€)
(v ar +ag+ - +ap| < lag| + |ag| + - - + |an| by triangle inequality)

= Ve>0,3dN € [ such that (n >m >N = |s, — 5| <€)

= {s,}5%, is a Cauchy sequence
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Chapter 3: Series of Real Numbers

. Prove that if a; 4+ as + - - - converges to s, then as + as + - - - converges to s — ay.

Ans: Take
Sp, =ay+as+---+a, and t, = as + ag + - - - a,. Consider

CL2+(13+"'

o
= Z Qn
n=2

= lim ¢,
n—o0

= lim (s, — a;)
n—oQ

= lim s, — a1
n—o0

D
=> a,—a
n=1

=S —a

o0
. Prove that the series ) m converges. Also find its value.
n=1

Ans: Take > a, = > n(; = > (+— =) andlet s, = a;+as+- - -+a,. Consider

1
n=1 n= n=1 (n+1)

. For what values of = does the series (1 — z) + (x — 2?) + (22 — 2®) + - - - converge ?

Ans: Take > a, = > ("' —2") and let s, = a; + as + - - - + a,. Consider

n=1 n=1

l—z)+(x—a?)+ @ —a2%)+--

(oo}
=) ay
n=1

im s,
—00

Ju—

3
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=(l—-az)+(x—2)+(@@*—2%) 4+ + (2" —2")

= lim (1 — ™)
n—o0

The limit lim 2" exists only when —1 < z < 1. So the series (1 — z) + (z —

n—oo
2?) + (22 — 23) + - - converges for z € (—1,1]

. Prove that the series (a1 —ag) + (a2 — a3) + (a3 — aq) + - - - converge if and only if the
sequenceqa, }52, converges.

Ans:
(a1 — az) + (ag — az) + (ag — ay) + - - - converges

< lim [(ay — ag) + (a2 — a3) + (a3 — as) + - - - + (a0 — 1) + a,,)] exists

n—o0

<= lim (1 — a,) exists

n—o0

<— lim q,, exists
n—oo

< {a,}>2, converges

. Does the series Y log(1 + 1) converge or diverge?
n=1

Ans: Take > a, = > log(1+2) = > log(™) = 3~ (log(n + 1) — logn) and let
n=1 n=1 n=1 n=1
Sp = a1 + as + - - - a,. Consider

lim s,
n—o0

= lim [(log2 —log 1) + (log3 —log 2) + (log4 —log3) + - - - + - -- (log(n + 1) — log n)]

n—00

= lim log(n + 1)

n—oo

which does not exist. So the series Y log(1 + <) diverges.

n=1

. Prove that for any a,b € R, the series a + (a +b) + (a + 2b) + (a + 3b) + - - - diverges
unless a = b = 0.

Ans: Take Y a, = > (a+ (n—1)b) and let s, = a1 + ag + - - - a,,. Consider
n=1 n=1

lim s,

n—o0

= lim [a+ (a +b) + (a +2b) + (a +3b) +--- + (a + (n — 1)b)]

n—00

= lim [na + @b]

n—0o0
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= lim n(a + “2p)

n—o0 2

which exists only when a = b = 0.

. Show that > aj converges if and only if given € > 0 there exists N € I such that
k=1
n>m>N = | > al<e
k=m+1

Ans: Let s, = a; + as + - - - a,. Consider

o0
> ay converges
k=1

<~ {s,}°°, converges
<— {s,}°°, is Cauchy

<= (for every € > 0, there is N € [ such that n >m > N = |s,,, — s,| < €)

n

<= (for every € > 0, there is N € [ such that n >m >N = | > ai| <e)
k=m+1

. Prove that if a;+as+as+- - - converges to A, then (a1 +as)+1(as+as)+3(as+ay) - - -

converges. What is the sum of second series?

Ans: Take Y b, = %(an + any1) and let ¢, = by + by + -+ - b,. Consider

n=1

n=1
%(Ch + CLQ) -+ %(CLQ + ag) + %(ag + CL4) cee

> bn
n=1

im £,
—00

—_—

3

n—oo
= T}Lrgo(é(al +as) + 2(as + az) + Laz + as) -+ $(an + ant1))

= lim %(Ch + api1) + lim (ag +as + - - + ay)
n—0o0 n—oo

:%(a1+0)+Y}LI£10(a1+a2+---+an)—a1

%a1+A—a1

oo o0

: nt1 n+1 : 9

. Do the series 2 and > (72 converge or diverge?
n= n=
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. . 14+1 . 140
Ans: lim 2t = lim —2 = lim &% =1 #£0 and
n—oo N2 n—00 1+% n—oo 110 7&

. . 1+l 140 1
lim —2tL = lim n =0 _1__/(
n—oo 101%(n+2) n—00 1010(1+%) 101940 1019 7£

So both the series diverge.

. Show that if a; +as+asz+- - - converges to L, then so does a3 +0+as+0+a3+0+---.

Ans: Let b, = (n_1 forn = 1,3,5,--- and b, = 0 for n = 2,4,6,---. Take
tn:b1+b2+b3+"'+bn. Then

lim tgn
n—o0

= h_}m(bl—i‘bg—'—bg—i‘—i‘bgn)

=lma +04+ay+0+a3s+0+---+a, +0

n—0o0

= li_>m(a1+a2+a3~|—---+an)

(oo}

> an
n=1
=1L

and

lim 29,41
n—oo

= lim(b1+b2+b3+"'+b2n+1)

n—o0

=lima+0+ay+0+az+0+---+0+a,

n—oo

= lim (a; +ag +az+--- +a,)

n—00

> On
n=1
=1L

Therefore lim ¢, = L. Now

n—o0

CL1+O+CL2+0+CL3+O+"‘

> bn
n=1

—_

im t,
— 00

3

Il
h
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Prove that if > a,, converges and > b, diverges, then > (a, + b,) diverges.
n=1 n=1 n=1

Ans: Suppose on contrary that > (a, +b,) converges. As Y a, converges, > [(a, +

o o0
b,) — a,] = > b, also converges. This is a contradiction. Hence > (a, + b,) can’t
converge. e

Give an example of a series > a, such that (a; + a2) + (a3 + aq) + - - - converges but
n=1
ay + as + ag + aq + - - - diverges.

Ans: Take Z:l a, = g:l(—l)”. Let s, = a1 +as+ a3+ ---+ a,. Then nh_)rgo Sop = 0
and ILm Sop—1 = —1. Therefore li_)m s, does not exist and hence i anp = a1 + as +
as —i—na4ojr .-+ diverges. o "

Take il b, = §1(a2n1 + asy,). Let t, = by + by + b3+ -+ + b,. Consider

tn

=0y +by+b3+---+0by

= (a1 + az) + (a3 + a4) + (a5 + ag) + - - + (a2,_1 + a2,)
=(—1+1)+(—1+ 1)+ (-1+1)+ -+ (-1+1)

=0+0+0+--+0

=0

Therefore nh_)rgo t,, = 0 and hence §1 b, = il(agn_l +ag,) = (a1 +az)+ (az+ay)+---

converges to 0.

o0
If Y a, is a convergent series of positive real numbers, and if {a,, }3°, is a subsequence
n=1
o0

of {a,}>°,, prove that > a,, converges.
i=1

Ans: Take s,, = a;+as+- - -+a,. Then {s,, }3°, is a subsequence of {s, }>°,. Consider

o0
> a, converges

n=1

= {s,}5%, converges

= {sp, }32, converges (. a subsequence of convergent sequence is convergent)
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oo
= > a,, converges
i=1

14. Prove that 1 + % + % + ﬁ + -+ converges.

15.

o0 [ee)
Ans: Let > a, = > % and let s, = a; +as+ -+ + a,. Consider
n=1 n=1

n>2

— 123..n> 22...2
—

(n—1) terms
= n!>2n1
Thus
n>2 = nl>2"1
so that
n>2 —= L < L
and hence
n>2 = a, < =+
Now,
Sp=a1+ay+---+ay
<l+i+d+5+ -+

1.(1-2-7)
1—2-1

=2(1—27")

<2

o0
Thus the sequence {s,}>2; of partial sums of the non-negative series » _ a, is bounded

n=1
o0 o0 1
above. Hence the series 21 a, = 21 - is convergent.
n—= n—=

Prove that 1+ % + % + é + - -+ converges.

o0

Ans: Let > a, = > m and let s, = a; +ay + -+ - + a,. Consider
n=1

n>2
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= 123...n> 2.2...2

= nl>2n!

Thus

n>2 = nl>21

This implies that

n>2 = (2n—2)! > 2?3
so that
n>2 = m < s
and hence

n>2 = a, < 22”%3

Now,

Sp,=a; +ag+---+a,

wlot

o0
Thus the sequence {s,}>2 ; of partial sums of the non-negative series » _ a, is bounded

n=1
o0 o0 1
above. Hence the series »_ a, = > @n—gy I8 convergent.
n=1 n=1 ’

oo

If0<a, <1l(n>0)andif 0 <z < 1, then prove that > a,z™ converges, and that
n=1

its sum is not greater than .

Ans: Let s, = a1z + asz?® + - - - + a,2". Consider

a1z + ax® + - + a "
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<l+a+az’+-+a" (-0<a, <1forn>0)

1.(1—zntl)
1—x

o 1_x(n+1)

11—z

<L (f0<z<])

—x

—

Thus

sngﬁforaﬂnel

o0
This implies that ) a,z" converges and
n=1

[o¢]
> apa™ = lim s, < —11
o n—00 -z

Show that the series % —

_|_

+ - -+ 1s convergent.

=

N
W=

Ans: Take a,, = % Then
R EE e

= A > Ay > a3 > Ay > -
and

lim a, = lim £ =0

el e

It follows that > (—1)"*la, = % _

n=1

+

+ - -+ 1s convergent.

N =
W=
=

Show that the series % — % + % — % + - -+ is convergent.

Ans: Take a,, = % Then

— a1 > 0o > Q3 > Qg > +* -

and
lim a, = lim & =0
n—00 n—oo

It follows that > (—1)""'a, = & — & + & — & + -+ is convergent.
n=1

Show that the series 1 — % + % — 4+ L 4 ...is convergent.
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Ans: Take a,, = . Then

(nl

>E >4 >E> 5>

=
SIS
L=
B

—> Q1 > Ay > 03 > Q4 > A5 > - -
and

=0

nh_)lgo a, = hm 0

It follows that Z (=1)"*'a, =1— 4 + 5 — 5 + 3 + - - - is convergent.

n=1
e 1 1,1 1
For what values of p does the series 1; — 55 + 37 — 37 + -+ converge?

Ans: Take a,, = —. Note that lim a, = 0 only when p > 0. Also if p > 0, then

n—00

1

n? < (n+ 1) implying that % >

ie. ap > any1. Thus

a; > as > az > ---and lim a, = 0 only when p > 0.

n—o0

It follows that > (—1)""la, = & — 2% + & — fp + -+ - converges only when p > 0.

1P
n=1

(x}r2) + (ler3) + - -+ converges.

If x is not an integer, prove that +1)

Ans: Take a, = w%ﬂ By Archimedian property there is N € [ such that N > —x

ie. x+ N >0 Now, forn > N
1>0
= n+l>n

= z+(n+1)>z+n

:x+71l+1<x+#n (,H—n>0asx+n>x—|—N>O)
= pq1 < Gy

Thus

n>N = a1 <ay,

implying that

an > N4 > AN42 > ...

Also lim a, = lim —/— = 0.
n—o00 n—oo TN
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So 1;1(—1)"“% = (xil) - (m}rQ) + (ler:s) + - -+ converges.

Prove that 2 — 22 4+ 23 — 21 + - - diverges.

Ans: Take a, = (—1)""2%. Consider

lim agy,41
n—oo

= lim —2—
n—00 2n+1

lim —L1—
— 2n—>oo 2n+1

=90
=1

So lim ag,,1 # 0 implying that lim a, # 0. Therefore > a, = 223425204
n—00 n—00 n—1
diverges.

Prove that (1 —2) — (1 —22) 4 (1 —23) — (1 — 21) + - - - converges.
Ans: Take a, = 9% — 1. Consider

n<n-+1

1
n+1

= 1>
n
1 1
= 2n > 2nit
1 1
= 2n —1>2n1 —1
= Ay > Gp41

This holds for all n € I. So

a > as > as. ..

Also

Jim g, = (lim 2% 1) =287 —1=20—1=1-1=0

So il(—l)”“an is convergent implying the convergence of (—1) il(—l)”“an
ml(—1)"+2an —(1-2)—(1—22)+(1—23)— (1 —23)+---
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24. Show that Y (—1)""! 2 diverges.

2n—1
n=1

Ans: Take a, = (—1)""' 5. Consider

lim agy,41
n—oo

So lim agn4q # 0 implying that lim a, # 0. Therefore 3 (—1)"*'-2~ diverges.
n—oo n—oo n—=1

25. Can a series of nonnegative numbers converge conditionally?

Ans: No.

[&.°]
> a, is a convergent series of non-negative real numbers.
n=1

[ee]
= > |ay| is convergent ("' |a,| = a, as a, > 0)
n=1

= > a, converges absolutely.

n=1
26. Prove that if ) |a,| < oo, then | > an| < > |a,].
n=1 n=1 n=1
Ans: Take s, = |a1|+|as|+- - +|a,| and t,, = |a1+az+- - -+a,|. By triangle inequality
th = a1 +az + -+ + ap| <ar| + |ag| + - + |an| = sn
This implies that
lim ¢, < lim s,
n—o0 n—oo
= lim (Jay +ag + -+~ + an[) < lim (Jar| +Jag| + - -+ + |an])
— | lim (@ +as+ -+ a,)| < > |ay] (. lim |z, =] lim z,|)
n—o00 ne1 n—0o00 n—00

oo o
= |Zan|§ Z|an|
n=1 n=1

27. (Geometric Series) Show that ) 2™ converges if and only if —1 <z < 1.

n=0
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Ans: Take Zan: Zgjn and let Sp,=ag+ay +as+ -+ ay,

n=1 n=1

I Case: = < —1: In this case, {a,}>, is non-increasing and not-bounded. Hence it

oo
diverges to —oo and so lim a, # 0. Therefore, ay, is divergent.
n—00 n=1
IT Case: = = —1 In this case {s9,}°2, converges to 0 and {sg,y1}22, converges

to 1. So the sequence {s,}°, is divergent. This implies the divergence of the series
[e.9]

> ay.

n=1

III Case: —1 < x < 1: In this case,

_1—a™
T l-=x
So
. . —prn — .
lim s, = lim =2 =10 =L (- limaz"=0as—1<z<1).
n—00 n—oo % - -z n—+00

oo
Thus the series ) a, is convergent and converges to ;"
n=1

IV Case: = > 1: In this case, {a,}22, is non-decreasing and not-bounded. Hence it

[e.9]
diverges to oo and so lim a, # 0. Therefore, " a, is divergent.
n—o0 n=1

o0
The geometric series » . a™ converges <—= —1 <z <1
n=1

. (p-Series)Show that nlp converges if and only if p > 1.
n=1

Ans:
I Case: p > 1: Consider

1 1 1 1 o
@y @y @iy T S¥

Vv
271 terms

(each term less than or equal to first term)

With this observation

- 1
> w
n=1
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S1+2.i+22.(2%)p+---+2Hﬁ+---

Zln—l,,<<1+2.2ip+22.(2%)p+--~+2J'—1ﬁ+---

The series on right is a geometric series with common ratio 21,%1 <1 (-p>1).

oo
By comparison test, it follows that > nip is convergent.

n=1
IT Case: p=1: Let Y a,= > % and take s, = a; + ay +az + - -+ + a,. Consider
n=1 n=1

s1 =1

=144

si=s+i+i>34141-9

S RS RTRSELTE SR PR P B

Continuing in this way, son > (n—2§-2)'

So the sequence {s,}2%, contains a divergent subsequence and hence it is diver-

oo
gent. This implies the divergence of the series » %
n=1

III Case: p < 1: In this case, = < . S0

= 1 = 1

20 < 2w

n=1 n=1
[o¢] [o¢]

From IT C Z % is divergent. So by comparison test, the series ) nip is di-
n—1 n=1

vergent.

oo
: 1
The p— series > ) -5 converges <= p > 1
n—

Show that if |z| < 1, then Z n!90%0zm converges absolutely.

Ans: Take > a, = Z nt90%0zn - Consider

n=1

lim |a“"+1 |

n—0o0
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. . (+1)10000 10000
= lim (|” |><|”xn |)

n+1
n—oo
Y 1110000
= lim (14 2)0])

— (1 + 0)10000|£L'|
= ||
<1

(0.) o0
So by ratio test, the series > a, = > n'%%z" converges absolutely.

n=1
For any = > 0 prove that the series 1—§+%—--- and:t—’g—?wL’g—T—--- converge
absolutely.
Ans:
A): Take Y a, = Z(—l)”éf{;!. Consider
n=0 n=0
lim |a"+1|
n—oo
. n 1.271,4—2 n (2n |
= lim ((—1) g ¢ (~1) 282
. 2
= nhjgo (2n+1§(2n+2)
=0
<1
. . x x x2n 2 2
So by ratio test the series > a, = Z(—l)”@n)! =1— %5 + % — - converges
n=0 n=0
absolutely.
> © 2n+1
B): Take 3" a, = 3 (~1)" 2. Consider
n=0 n=0
lim |a"“|
n—0o0
. n x2n+3 27’L 1
= lim (1) ¢ (—1) 2
. x2
= 7}1_{20 (2nt2)(2n+3)
=0
<1
So by ratio test the series > a, = > (—1)”(925::;1)! =1z — é—? + ‘”5—, — .- converges
n=0 n=0
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absolutely.

. For what values of o does the series 1 + 2z + 322 + 42 + - - - converge?

Ans: Take > a, = Y nz"'. Consider
n=1 n=1
lim [*2£|
n—00 m
— Jiyy (D"
= 0, e
= lim ((1+ 1)z
n—oo
= (14 0)|x|
= ||

[e.e] [ee]
So by ratio test, the series > a, = > na"! converges when |z| < 1 (i.e. when
n=1 n=1

—1 <z < 1) and diverges when |z| > 1 (i.e. when z < —1 or z > 1).

For z = 1, the series > a, = > na" ' =142+ 3+ ---is divergent as lim a, # 0
n=1 n=1 n—00

and

forz=-1, > a,= > nz"'=1-2+3—---is divergent as lim a, # 0
n=1 n=1 n—00

Thus

[e.9] o0
the series > a, = > na""! converges for —1 <z < 1
n=1

n=1
and
the series > a, = na™ ! diverges for x < —1lorz > 1
n=1 n=1
. Test the convergence of 3 a, where a, = (3 —¢)(3—e2)(3—e3)--- (3 —en).
n=1
Ans: Take S a, = S (3—€)(3—e2)(3—e3)--- (3 —en). Consider
n=1 n=1
. lim |#2 |
n—00 "
1 1 1 1
i Bme)E=eh)B-ed)-en)3-emT)
n—oo  (3—e)(3—e?)(3—e8)(3—em)
= lim (3 — 6#1)
n—o0
=3¢
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—3-1

=2

>1

So by ratio test, the series S a, = 3. (3 —¢€)(3 —e2)(3 —e3)--- (3 — ex) diverges.
n=1 n=1

If {an};2; is a sequence of real numbers, and if lim |**| = L < 1, prove that

n—o0 n

lim a, = 0.

n—oo

Ans:

lim [ < 1

n—00 "

= > a, converges absolutely (by ratio test)

n=1

o0
= > a, converges
n=1

— lima, =0

n—o0

Show that z—z converges for all z € R.
n=1

e}

o0
n .
Ans: Take ) a, = ) %. Consider
n=1 n=1

1
n

lim |a,
n—oo

= lim |Z|«

=0forallz e R

<1

[ee] o0
So by root test the series Y a, = > %% converges for all z € R.

n=1 n=1

[e.e] o0
If Y |a,| < oo and if for each n € I, ‘bﬁ;:ll' < ‘alzz‘”, prove that > |a,| < co.
n=1 n=1

Ans: Consider

[bn |

mn
b1

__|bnl |bn—1]
|br—1] |br—2]

|bn—2]
|br—3]

X X oeee X 5L
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I P PR O R
— lan—1] |an—2] lan—3] |az] lat]
_ Jaul

|a]
Thus

%ngorallnef

—> |ba| < {Ei]ay| foralln e T
— ;ybny < ;my

o0 o0
= > |bu] <oo  (by comparison test as Y |a,| < 00)

n=1 n=1

Test the convergence of the series Z —log oy

Ans: Take Y a, = Z (logn . Consider
n=1

lim |ay,|«
n—oo

—hm| :

—|n
n—r00 logn) |

= lim
n—oo

logn
=0

<1

[e.°]

oo
So by root test the series Y a, = > £ converges.

n=1 n=1

LR (1)
Test the convergence of the series ) —=—.
n=1

2n

o0 o0 1
Ans: Take > a, = > (He—z Consider
n=1 =1

. 1

lim |a,|=
n—oo

. 14+1)2n 1

= lim |—( ) |n
e

n—o0

. 14+2)2

— lim &)

n—00 €

(1+0)?
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<1
So by root test the series ) a, = ), —~— converges.
n=1 n=1

o0
For what values of o does the series ) “- converge?

n=1
o0 [ee] n
Ans: Take ) a, = ) %-. Consider
n=1 n=1
lim |ap|»
n—oo
i (120
= lim ([57[7)
= lim Iﬂ‘
n—,oo nn
= ‘%' (. lim nn =1)
n—oQ
= ||
So by root test the series Z an Z - converges when |z| < 1 (i.e. when
=1
—1 <z < 1) and diverges when || > 1 (i.e. when x < —1 or x > 1).
oo n [e.9] )
Also for x = —1, the series ) = = }° (=1) converges and for x = 1, the se-
= n=1

o0 n [e.°] 1

ries ) = = - diverges.
n=1 n=1

Thus

[ee] [ee]
the series ) a, = ) - is convergent for —1 <z <1

n=1 n=1

and

[e.9] o0
the series Y a, = > - is divergent for z < —1 or z > 1
n=1

n=1

o0
For what values of = does the series ) n% converge?

n=1
oo oo 1 o0 [o.@]
Ans: Take 21 a, = 21 — and 21 b, = 21 2"agn. Consider
n—= n= n= n—=

Problems in Real Analysis - I, Page: 40



40.

41.

Department of Mathematics, K. T.H.M. College, Nashik
T.Y.B.Sc. - Problems in Real Analysis - I

Mk
n=1

This is a geometric series and it converges if and only if 2072 > 1 «—= 1—2 >

o (o)
0 <= 1>z . By Cauchy’s condensation test, »_ a, converges if and only if > b,

n=1 n=1
converges.
[ee] o0
It follows that > a, = > = converges if and only if z > 1.
n=1 n=1
o0
For what values of = does the series ) n(lo% converge?
=, nlogn)
o0
Ans: ZQ n(lT;n)x converges
n—=
o0
= 22 Q”W converges  (by Cauchy’s condensation test)
n—=
o0

1
z W converges
n=2

= 1
—& converges
=2

3

(A

x >1 (p series converges only when p > 1)

o0
Prove that for any real x the series 233 m diverges.
n—=

[ee] [ee] [e.e] [ee] [e.e]
Ans: Take > a, = > m, > by = 2"agn. and Y ¢, = 2;. Consider
n=3 n=3 n=3 n=3 n=3
[ee]

R n N p—
> bn=322 log27)® — (log2)® nt = (log2)® > Cn-
n=3 n=3 n=3 =3

n

As
. Cn 1 on+1 n« BT 1 - 2 o
Jn 1522 = i (G > ) = Jim Crrye) = e = 2> 1

by ratio test > ¢, and hence Y b, is divergent.Therefore by Cauchy’s condensa-
n=3 n=3

o0 oo
tion test, > a, = > m diverges.
n=3 n=3 N
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